Abstract. Let F be the ag variety of a complex semi-simple group G, let H be an algebraic subgroup of G acting on F with nitely many orbits, and let V be an H -orbit closure in F. Expanding the cohomology class of V in the basis of Schubert classes de nes a union V 0 of Schubert varieties in F with positive multiplicities. If G is simply-laced, we show that these multiplicites are equal to the same power of 2. For arbitrary G, we show that V 0 is connected in codimension 1. If moreover all multiplicities are 1, we show that the singularities of V are rational and we construct a at degeneration of V to V 0 in F. Thus, for any e ective line bundle L on F, the restriction map H 0 (F ; L) ! H 0 (V; L) is surjective, and H n (V; L) = 0 for all n 1.
Introduction
Let G be a connected complex reductive group, B a Borel subgroup and H a spherical subgroup, that is, H is an algebraic subgroup having only nitely many orbits in the ag variety G=B. The classi cation of these orbits and the geometry of their closures are of importance in representation theory. Equivalent questions concern the B-orbits in G=H and their closures in that space. More generally, one may consider B-orbit closures in an equivariant embedding X of G=H; these play an essential role in the geometry and topology of X.
The set B(G=H) of B-orbit closures in G=H is partially ordered by inclusion. A weaker order on B(G=H) is de ned by: Y Y 0 if there exists a sequence splitting, one shows that their singularities are rational, in particular, they are normal and Cohen-Macaulay ( 19] ).
Another important class of spherical subgroups consists of symmetric subgroups, that is, xed points of involutions of G. Orbit closures of symmetric subgroups in ag varieties admit explicit resolutions of singularities as well, and their inclusion and weak orders have been studied in detail by Richardson and Springer ( 20] , 21] , 23]). But their singularities are far from being fully understood; non-normal examples were constructed by Barbasch and Evens ( 1] ).
Returning to a spherical subgroup H, classical projective geometry yields many examples of H-orbit closures in ag varieties that are neither normal nor CohenMacaulay, e.g., the variety of all secant lines to a given conic in projective n-space where n 3 (see Example 6 for details). A criterion for having rational singularities will be formulated below, in terms of the oriented graph ?(G=H) associated with the weak order.
For this, we endow that graph with additional data, as in 20]: each edge from Y to Y 0 is labeled by a simple root of G corresponding to a minimal parabolic subgroup P such that PY = Y 0 . The degree of the associated morphism P B Y ! Y 0 being 1 or 2, this de nes simple and double edges. There may be several edges with the same endpoints, but they are simultaneously simple or double (Proposition 1).
In the symmetric case, a key result is that all minimal elements of ?(G=H) are closed orbits ( 20] ); thus, one may study orbit closures by going up along oriented paths in the graph. This does not extend to the general case (see e.g. Example 2 below), but it is easy to see that the unique maximal element is G=H. This enables an inductive study of orbit closures by going down along oriented paths; most of our results are obtained in this way. Join it to G=H by an oriented path ; denote by D( ) its number of double edges, and by w( ) the product in W of the simple re ections associated with its labels. Then d(V; w( )) = 2 D( ) (in particular, D( ) depends only on V and w( )) and, moreover, all non-zero intersection numbers d(V; w) are obtained in this way ( 6] where w 0 denotes the longest element of W.
The oriented paths in ?(G=H) and their associated Weyl group elements are studied in Section 1. The main tool is a notion of neighbor paths that reduces several questions to the case where G has rank two. Using this, we show that the union of Schubert varieties V 0 = w=w( ) Bw 0 wB=B is connected in codimension 1 (Corollary 7). If moreover G is simply-laced, then the number of double edges in any oriented path depends only on its endpoints (Proposition 5). As a consequence, all non-zero coe cients of V ] in the basis of Schubert cycles are equal. For symmetric spaces, this can also be deduced from a combinatorial result of Richardson and Springer 24] . It does not extend to multiplylaced groups, see Example 4 in Section 1.
In Section 2, we analyze the intersections of B-orbit closures with G-orbit closures in an equivariant completion X of G=H that is regular in the sense of Bifet This distinguishes the B-orbit closures Y such that all oriented paths in ?(G=H) with source Y contain only simple edges; we call them multiplicity-free. In a regular completion of G=H, any irreducible component of the intersection of multiplicity-free Y with a G-orbit closure is multiplicity-free as well, and the corresponding intersection multiplicity is 1 (Corollary 3).
In Section 3, we relate our approach to work of Knop ( 17] , 18]). He de ned an action of W on the set B(G=H) such that the W-conjugates of G=H are the orbit closures of maximal rank (in the sense of 18].) Moreover, the isotropy group W (G=H) is closely related to the Weyl group of G=H studied in 17], a generalization of the little Weyl group of symmetric spaces. It is easy to see that all orbit closures of maximal rank are multiplicity-free. We describe their intersections with G-orbit closures in a regular completion, in terms of W and W (G=H) (Proposition 9). As applications, we show that all elements of W of minimal length in a given W (G=H) -coset have the same length, and that W (G=H) is generated by re ections or products of two commuting re ections of W. This in turn yields another proof of the fact that the Weyl group of G=H is generated by re ections, a result of Knop 17] . Section 4 contains our main result, Theorem 5: the singularities of any multiplicityfree B-orbit closure Y in a regular completion X of G=H are rational, and the schemetheoretical intersection of Y with any G-orbit closure is reduced. Since no explicit desingularization of Y is known in this generality, the proof is indirect ; it goes by decreasing induction on dimension like Seshadri's proof of normality of Schubert varieties 22]. The regularity assumption for X can be much weakened, but the proof becomes then longer and more technical; it will be given elsewhere.
For a H-orbit closure V in G=B, the corresponding B-orbit closure Y is multiplicityfree if and only if V ] = V 0 ]. In that case, we construct a at degeneration of V to V 0 where the latter is viewed as a reduced subscheme of G=B (Corollary 6) . Thus, the equality V ] = V 0 ] holds in the Grothendieck group of G=B as well. Moreover, for any e ective line bundle L on G=B, the cohomology groups H n (V; L) vanish for n 1, and the restriction map H 0 (G=B; L) ! H 0 (V; L) is surjective (Corollary 8).
This yields a more concrete realization of the H-module H 0 (V; L): choose the Borel subgroup B such that V is the closure of HB=B and let be the dominant weight of B associated with L. Then H 0 (G=B; L) is the dual of the simple G-module V ( ) with highest weight , and H 0 (V; L) is the dual of the H-submodule of V ( ) generated by the highest weight line` . As V degenerates to V 0 , this H-module degenerates to a B-module of the same dimension, generated by the extremal weight lines`w 0 w for all w as above. This construction will be developed elsewhere.
When applied to symmetric spaces and combined with Theorem B of 1], this surjectivity result implies a version of the PRV conjecture, see 1] 6. It holds for another class of (smooth) H-orbit closures as well, but not to all of them, see 4]. In fact, surjectivity of the restriction map for all e ective L's and all H-orbit closures is equivalent to their multiplicity-freeness (Proposition 10.)
A remarkable example of a spherical homogeneous space where all orbit closures of a Borel subgroup have maximal rank (and hence are multiplicity-free) is the group G viewed as a homogeneous space under G G. If moreover G is adjoint, then it has a canonical regular completion X. It is proved in 8] that the B B-orbit closures in X are normal and that their intersections are reduced. This follows from the fact that X is Frobenius split compatibly with all of these closures. It would be tempting to generalize this to any spherical variety X. By 5] , X is Frobenius split compatibly with all G-orbit closures; but this does not extend to B-orbit closures, since their intersections may be not reduced. This happens, e.g., for the space of all symmetric n n matrices of determinant 1, that is, the symmetric space SL(n)=SO(n): consider the subvarieties (a 11 = 0) and (a 11 a 22 ? a 2 12 = 0).
So the present paper generalizes results of 8] to all regular completions of spherical homogeneous spaces, by other methods. It raises many further questions, e.g., is it true that the normalization of any B-orbit closure in a spherical variety has rational singularities ? And do our results extend to positive characteristics ? Acknowledgements. A rst version of this paper is available at math.AG/9908094. I thank Peter Littelmann, Laurent Manivel, Olivier Mathieu, St phane Pin, Patrick Polo, Tonny Springer and especially Thierry Vust for useful comments, discussions or e-mail exchanges.
Notation. Let G be a complex connected reductive algebraic group. Let B, B ? be opposite Borel subgroups of G, with unipotent radicals U, U ? and common torus T, a maximal torus of G. Let X be the character group of B; we identify X with the character group of T and we choose a scalar product on X, invariant under the Weyl group W. Let be the root system of (G; T), with the subset + of positive roots, i.e., of roots of (B; T), and its subset of simple roots.
For 2 , let s 2 W be the corresponding simple re ection, and let P = B Bs B be the corresponding minimal parabolic subgroup. For any subset I of , let P I be the subgroup of G generated by the P , 2 I. The map I 7 ! P I is a bijection from subsets of to subgroups of G containing B, that is, to standard parabolic subgroups of G.
Let L I be the Levi subgroup of P I that contains T; let I be the root system of (L I ; T), with Weyl group W I . We denote by`the length function on W and by W I the set of all w 2 W such that`(ws ) =`(w) + 1 for all 2 I (this amounts to: w(I) + ). Then W I is a system of representatives of the set of right cosets W=W I .
The weak order and its graph
In what follows, we denote by G=H a spherical homogeneous space and by B(G=H) the set of B-orbit closures in G=H. One In particular, r(Y ) r(P Y ) with equality if and only if has type U . Our notation for types di ers from that in 20] and 18]; it can be explained as follows. Choose y 2 Y 0 with isotropy group (P ) y in P . Then (P ) y acts on P =B = P 1 with nitely many orbits, since B acts on P Y 0 = P =(P ) y with nitely many orbits. By 20] or 18], the image of (P ) y in Aut(P =B) = PGL(2) is a torus (resp. the normalizer of a torus) in type T (resp. N); in type U, this image contains a non-trivial unipotent normal subgroup. Observe that ?(G=H) is the same as ?(G=B), except for double edges. But the geometry of B-orbit closures is very di erent in both cases: all of them are smooth in G=B (the ag variety of P 2 ), whereas G=H contains a B-stable divisor that is singular in codimension 1. This can be checked directly (see Example 6 for a generalization), or read o the graph of G=H as follows.
Let Z be the closed B-orbit in G=H. We claim that Y = P P Z is singular along P Z. Indeed, the morphism : P B P Z ! Y is birational, and ?1 (P Z) equals P B Z. But the restriction P B Z ! P Z has degree two. Now our claim follows from Zariski's main theorem. One checks that r(P Z) = 1, whereas r(Y ) = 0. Thus, the rank function is not compatible with the inclusion order.
Obviously, all closed B-orbits in G=H are minimal elements for the weak order. In fact, these closed B-orbits are isomorphic and their codimension is the maximal length of all oriented paths in ?(G=H), see e. Proof. We may assume that G is semi-simple adjoint and acts faithfully on G=H; then it su ces to check that G = PGL (2) . Let H be the isotropy group in G of a point of Y 0 . Since P Y 0 = G=H, we have P H = G. Equivalently, the map H=P \ H ! G=P is an isomorphism. But since Y 6 = G=H, we have Y 0 6 = P Y 0 , so that the image of P \ H in P =R(P ) = PGL(2) is a proper subgroup. It follows that (P \ H) 0 is solvable. Thus, H=P \ H is the ag variety of H 0 . Let S be a maximal semi-simple subgroup of H 0 . Then the rank of S is the rank of the Picard group of its ag variety H=P \ H = G=P , so that r(S) = r(G) ? 1. Moreover, the connected automorphism group of this ag variety is S=Z(S) (see e.g. 9]). Thus, we have a map G ! S=Z(S) that splits the inclusion of S into G. It follows that S is a direct factor of G, whence S is trivial since G acts faithfully on G=H. Thus, G = P = PGL (2) .
We now prove Proposition 1. Applying Lemma 2 to Y 0 and P ; , we may assume that Y 0 = G=H and that = f ; g. (2) and that H contains a copy of PGL (2) . Then H is conjugate to PGL(2) embedded diagonally in G. But then both and have type T, a contradiction.
Finally, if has type N and has type T, then there exists y 2 Y 0 such that (P ) y is contained in R(P )T . Since the homogeneous spaces P =R(P )T and R(P )T=(P ) y are a ne, the same holds for P =(P ) y = P Y 0 . It follows that G=H ? P Y 0 is pure of codimension 1 in G=H. But P Y 0 meets both B-orbits of codimension 1 in G=H, so that P Y 0 = G=H. This case is excluded as above. Thus, type N does not occur.
We next study oriented paths in ?(G=H). Let be such a path, with source Y and target Y 0 . Let ( 1 ; 2 ; : : : ; `) be the sequence of labels of edges of , where`=`( ) is the length of the path. Let`U( ) (resp.`T ( ),`N( )) be the number of edges of type U (resp. T, N) in . Theǹ (iv) If`N( ) > 0, then there exists a point x 2 G=H, a simple root and a surjective group homomorphism (P ) x ! N where N is the normalizer of a torus in PGL (2) . Since N consists of semi-simple elements, it is a quotient of (P ) x =R u (P ) x . By assumption, the latter is isomorphic to a subgroup of B=U = T. Thus, N is abelian, a contradiction. We now introduce a notion of neighbors in W(Y ), and we show that any two elements of that set are connected by a chain of neighbors. Let , be distinct simple roots and let m be a positive integer. Let We claim that any Z 2 B(G=H) can be written as
where n = dim(Z) ? dim(Y ) satis es 0 n m. For this, we argue by induction on the codimension of Z in G=H. We may assume that raises Z. By the induction assumption, we have P Z = P P Y or P Z = P P Y (n + 1 terms):
In the latter case, let Z 0 = P Y (n terms). Since P Z = P Z 0 and r(Z) = r(Z 0 ) = r(P Z) = r(Y ), it follows that Z = Z 0 . In the former case, P Z is stable under G and hence equal to G=H; in particular, Z has codimension 1 in G=H. Now G=H = P P Y (m terms), so that we are in the previous case. If r(G=H) = 1 then r(H) = 1 as well. Using the classi cation of homogeneous spaces of rank 1 under semi-simple groups of rank 2 (see e.g. Table 1 of 26]), this forces G = PGL(2) PGL(2) and H = PGL(2) embedded diagonally in G. As a consequence, the simple roots and are orthogonal, and X(G=H) is generated by + .
If r(G=H) = 2 then r(H) = 0, that is, H 0 is unipotent. Since G=H is spherical, H 0 is a maximal unipotent subgroup of G. This contradicts the assumption that H has nite index in its normalizer. (ii) Let be an oriented path joining Y to G=H. We may assume that contains double edges. Consider the lowest maximal subpath of that consists only of double edges; we may assume that the endpoint of is not G=H. Let Y 0 be the source of the top edge of , and let (resp. ) be the label of that edge (resp. of the next edge of , a simple edge by assumption.) We claim that there exists an oriented path 0 joining Y 0 to G=H and beginning with a simple edge; then assertion (ii) will follow by induction on`( ) + codim G=H (Y 0 ).
To check the claim, it su ces to join Y 0 to P Y 0 by an oriented path 0 beginning with a simple edge. As above, we reduce to the case where G equals PGL(2) PGL(2) or PGL(3), and H is not contained in a Borel subgroup of G; moreover, H has nite index in its normalizer. Using the fact that ?(G=H) contains a double edge followed by a simple edge, one checks that H is a product of subgroups of PGL(2) if G = PGL(2) PGL(2); and if G = PGL(3), then H is conjugate to the subgroup of Example 1, or to its transpose. The path 0 exists in all of these cases.
From Proposition 5, we will deduce a criterion for the graph of G=H to contain only simple edges. To formulate it, we need more notation and a preliminary result. It follows e.g. that the graphs of the symmetric spaces GL(p + q)=GL(p) GL(q), SL(2n)=SP(2n), SO(2n)=GL(n) and E 6 =F 4 contain only simple edges. For this, one uses the explicit description of colors of symmetric spaces given in 25].
Note that Corollary 2 does not extend to multiply-laced groups G. Consider, for example, G = SO(2n + 1) and its subgroup H = O(2n), the stabilizer of a nondegenerate line in C 2n+1 . Then G=H is symmetric of rank 1 and its graph consists of a unique oriented path: a double edge followed by n ? 1 simple edges.
Orbit closures in regular completions
Recall from 2] that a variety X with an action of G is called regular if it satis es the following three conditions: (i) X is smooth and contains a dense G-orbit whose complement is a union of irreducible smooth divisors (the boundary divisors) with normal crossings.
(ii) Any G-orbit closure in X is the transversal intersection of those boundary divisors that contain it.
(iii) For any x 2 X, the normal space to the orbit Gx contains a dense orbit of the isotropy group of x.
If moreover X is complete and its dense G-orbit is isomorphic to G=H, we call X a regular completion of that homogeneous space. Recall from 3] that G=H admits a regular completion if and only if it is spherical; then any equivariant completion of G=H is the image of a regular one by an equivariant morphism.
We x a regular completion X and we denote by B(X) (resp. B(G=H; X)) the set of all B-orbit closures in X (resp. of those that meet G=H.) By 7 ! gx is an isomorphism.
(ii) The variety S Y;w is irreducible and meets each G-orbit along a unique T-orbit.
In particular, S Y;w \ G=H is a unique T-orbit, dense in S Y;w and contained in wY 0 ; and S Y;w \ Z = fzg for any closed G-orbit Z with base point z.
(iii) The morphism ' Y;w is nite surjective of degree d(Y; w). As a consequence, the dimension of S Y;w is the rank of X.
Proof. (i) The product map (R u (P ) \ wUw ?1 ) (R u (P ) \ wU ? w ?1 ) ! R u (P ) is an isomorphism; moreover, R u (P ) \ wU ? w ?1 = U \ wU ? w ?1 . Therefore, the product map (R u (P ) \ wUw ?1 ) (U \ wU ? w ?1 )S ! X 0 is an isomorphism. The assertion follows by intersecting with wY .
(ii) and (iii) The union of all G-orbits in X that contain Z in their closure is a G-stable open subset of X. Thus, we may assume that Z is the unique closed Gorbit in X. Let By (i), S Y;w is irreducible. We check that S Y;w \ Z = fzg. For Let be a simple root of Y . Then we see as above that w( ) 2 (G=H) . We have ws = s w( ) w with s w( ) 2 W (G=H) and w ?1 2 W (G=H) . Thus,`(ws ) = (s w( ) ) +`(w) which forces w( ) 2 + (as`(s w) =`(w) + 1) and w( ) 2 (as (s w( ) ) = 1.) We conclude that w( ) is a simple root of G=H. This preliminary result, combined with those of Section 2, implies a structure theorem for orbit closures of maximal rank in a regular completion X. We denote by B(X) max the set of these orbit closures, a subset of B(G=H; X). The normalizer of (G=H) in W is the semi-direct product of W (G=H) with the normalizer of (G=H). Therefore, W (G=H) is the semi-direct product of W (G=H) with W G=H = fw 2 W j w(G=H) = G=H and w( (G=H)) = (G=H)g: The latter identi es to the image of W (G=H) Example 6. Let r, n be integers such that 0 r n ? 1. Let X be the space of smooth quadrics of dimension r in projective space P n : points of X are pairs (Q; L) where L is a linear subspace of P n of dimension r + 1, and Q is a smooth hypersurface of degree 2 in L. The group G = GL(n + 1) acts transitively on X; an isotropy group H consists of all matrices of the form A B 0 C where A is a scalar multiple of an orthogonal (r + 1) (r + 1) matrix, B is a (r + 1) n matrix, and C is an invertible (n ? r) (n ? r) matrix. Thus, X is obtained from the symmetric space GL(r + 1)=O(r + 1)C by parabolic induction. It follows that X is spherical of rank r + 1.
Let m be an integer such that 1 m n ? r ? 1 and let P m be a linear subspace For every standard parabolic subgroup P, we can induce these sheaves to P-linearized coherent sheaves P B C n on P B Y . Choose for P a minimal parabolic subgroup raising Y and consider the natural map : P B Y ! PY , then is birational, and the singularities of PY are rational by the induction assumption. Using this, we
show that (P B C n ) = 0 for all n, and we deduce that the sheaves C n are trivial.
We begin the detailed argument by xing notation. Let is trivial.
Thus, the support of each C n is G-stable. But Y contains no G-orbit, so that each C n is trivial. We have proved that the singularities of Y are rational. We now apply these results to H-orbit closures in the ag variety of G. For this, we recall a construction from 6] 1.5. Let V be a H-orbit closure in G=B and letV be the corresponding B-orbit closure in G=H. Let Note that any multiplicity-free H-orbit closure V is irreducible, even if H is not connected. Indeed, H acts transitively on the set of all irreducible components of V , so that any two such components have the same cohomology class; but the class of V is indivisible in the integral cohomology of G=B. Theorem 6. With notation as above, if V is multiplicity-free then its singularities are rational, the morphism is at, and its bers are reduced. As a consequence, the bers of realize a degeneration of V to the reduced subscheme V 0 of G=B. .) The result follows by semicontinuity of cohomology in a at family.
We now obtain a partial converse to is not surjective for large n. 
